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X ■ 1 Introduction 

Let g > 2 be an integer and x be a Dirichlet character modulo q. For any integer n, 
the classical quadratic Gauss sums G{n] q) and the generalized quadratic Gauss sums 
G{n, X', q) are defined respectively by 
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and 

no?' 



a=l ^ 



where e(x) = e^'^*^. 

The study of G{n, x'-, q) is important in number theory, since it is a generation of 
G{n, q). In [5], Weil proved that if p > 3 is a prime, then 

\G{n,x;p)\<2^. 

In fact, Cochrane and Zheng [2] generalized this result to any integer. That is, for 
any integer n with (n, g) = 1, we have 

where u}{q) is the number of all distinct prime divisors of q. 

Beside the upper bound of G{n, x; g), the power mean value of \G{n, x', q)\ had also 
been studied by some authors. W. Zhang (see p]) proved that if p is an odd prime 
and n is an integer with {n,p) = 1, then 

(p-l)[3p'-6p-l + 4(^)^] , p=l mod 4 
2^ \G{n,x;p)\ - ' 
X modp I (p_ i)(3p2 _ gp _ j^-j ^ p = 3 mod 4. 

and 

^ |G(n,x;j9)|^ = (p-l)(10j93-25p2-4p-l), if p = 3 mod 4, 

X mod p 

where (-) is the Legendre symbol. For p = 1 mod 4, it is still an open question to 
calculate the exact value of ^ modp l^(^5 X;p)l^- 

In 2005, W. Zhang and H. Liu [7J proved that if g > 3 is a square-full number, 
then for any integer n, k with (n/c, g) = 1, A; > 1, we have 

Y^ |G(n,x;g)r = g-0^(g)n(^,P-l)^- J] ^^^' 

X mod 9 p\q p\q 

(fc,p-l)=l 

where 0(g) is the Euler funtion. 

Recently, Y. He and W. Zhang [3] proved the following result. 



Let odd number g > 1 be a square-full number. Then for any integer n with 
(n, q) = 1 and A;=3 or 4, we have the identity 

X mod q 

Besides, they conjectured the above identity also holds for A; > 5. 
In this paper, we prove this conjecture in the following. 

Theorem 1. Let odd number q > 1 be a square- full number, m > 2 be an integer. 
Then for any integer n with (n, q) = 1, we have the identity 

X mod q 



2 Proofs 

Let p > 3 be a prime, and let fc, n, a be three integers with 1 <k <n. Write 

p— 1 p— 1 p^i 



Tp{n, k,a)= J2J2'"Y1 ( 



3^1X2 • • • Xjf 



P 

xi-i \-Xn=a mod p 

In order to prove Theorem [H we need some lemmas on the value of Tp{n, k, a). 

Lemma 1. (See [4, Theorem 8.2].) Let p > 3 be a prime. Then for any integer a, we 
have 

-=i ^ ^ ^ ^p-l, if p\a. 

This is a basic lemma which we will use to calculate the value of Tp{n., k, a). 
Lemma 2. Let p > 3 be a prime. Then for any integer n > 1, we have 



0, if 2\n; 



Tp{n,n,Q) , _^^^ 



Proof. By the definition of Tp{n, k, a) and Lemma [H for n > 3, we have 



"^1*^2 ' ' ' *^n — l*^Ti 



Tp{n,n,0) 

p—i p—i p^i p~i 

a;i=l 2:2=1 x„-i=lxn=l ^ 

a;iH \-Xn=0 mod p 

p-1 p-1 p-1 / - , 

X1X2 ■ ■ ■ X„_i(-Xi Xn-l) 



= EE-E 



a;i=lx2=l Xn-i=l 

p— 1 p— 1 P~l 

' a:;ia;2 ■ ■ ■ a;n-2 



^ EE-E 



' xx=\x'i=\ a:„_2=l ^ 



^-^ ( ^n-l ~^ (-^1 + ■ ■ ■ + ^n-lj^n-l 



1 V i^ 

a;n-i=l 

p— 1 p— 1 P~l 

■ X1X2 ■ ■ ■ X„_2 



- EE--E 



n / ■^ — ' ■^ — ' ■^ — ' \ p 

' Xi = lZ2=l X„_2 = l ^ 

xiH |-a:„_2^0 mod p 

s p-1 p-1 p-1 , 

y)EE--E (^i^i-^)-(P-i) 

^ Xi=lx2=l a;„_2=l ^ 



xiH \'Xn^2=(i mod p 

p— 1 p— 1 P^l 



-)M)EE--E 

Xi = lX2 = l Xn-2 = 

X p-1 p-1 P- ^ 

-)m)EE-E 



0:1X2 ■ ■ ■Xn_2 



n / ■^ — ' ■^ — ' ^ — ' \ p 

' Xi = lX2 = l Xn-2 = 1 

p— 1 p— 1 P^l 

' X\X2 ■ ■ ■ Xn-2 



P / ^ — ' ^ — ' '' — ' \ p 

' xi = la;2=l a::„_2=l 

x\-\ |-a;„_2=0 mod p 

p— 1 p— 1 P^l 



- (p-i)EE--E 



I . . , 1 > » » » . ^\^2 ■ ■ ■ ^n-2 



p I '■ — ' '■ — ' '■ — ' V p 

' 3:1=1x2=1 a::„_2=l 

x\-\ |-a:„_2=0 mod p 

p— 1 p— 1 P^l 



-Vee-e 



X\X2 ■ ■ ■Xn-2 



P / '' — ' '' — ' '' — ' \ p 

Zl=lX2 = l ln-2 = l 

X'lH hx„_2=0 mod p 

('^')p-rp(n-2,n-2,0). 



It is easy to calculate Tp(l, 1, 0) and Tp{2, 2, 0). 



T,(1,1,0) = X:(^)=0, 

x=l ^^^ 

p-1 p-1 . s p-x . 2 

r,(2,2,o)= EJ: (^) = 5;(^ 

2:1=1x2=1 V -f^ / 2.'i = l ^ ^ 



P-1 p-1 / \ P-1 / ■z\ /I 

— )(P-1)- 
p 



X1+X2SO mod p 

Therefore, we have 

Tp{2k +l,2k + l,0)=( (—j pj Tp(l, 1, 0) = , 

Tpi2k,2k,0)=ffy]p] T,i2,2,0) = (:^^ p''\p-l). 

This completes the proof of Lemma [21 □ 

Lemma 3. Let p > 3 be a prime and n > 1 be an integer. Then for any integer a 
with {a,p) = 1, we have 

_p(n-2)/2 j^_ij ^ if 2\n. 

Proof. Since (a,p) = 1, we have 

p— 1 p— 1 p— 1 



p-1 p-1 p— 1 ^ ^ 

Tp{n,n,a) = 2^ 2^ ■ ■ ■ 2^ { 1 



xi=la;2=l a;n=l 

a;iH \-x„=a mod p 

p-1 p-1 p-1 



axiax2 ■ ■ ■ aXn 



axi=l ax2=l ax 

axiH \-aXn=ci mod p 

\ n p-1 p-1 p-1 

a;i = lz2=l a::n=l 

a;iH \-Xn=l mod p 



,V P 



pi i — ^ i — ^ ,i — / \ p 

' a;i = lx2=l a::n=l 



'^l'^2 ' ' ' "^77, 



- 1 Tp(n,n,ll 



The calculation of Tp{n,n, 1) is very similar to that of Tp{n,n,0) in Lemma [21 so we 
directly give the result here. 



Tp{n,n,l) 



P 



{n-l)/2 ^ 



(n-l)/2 



, if 2\n- 



-P 



(n-2)/2 /^ 



n/2 



, if 2 I n. 



Hence, 



Tp{n,n, a) 



P 



Tp{n,n,l] 



X / N (n-l)/2 



\ "/2 



if 2 I n. 



This completes the proof of Lemma [31 
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Lemma 4. Lei p > 3 be a prime, and let k, n, a be three integers with 1 < k < n. 
Then we have 

(-1)"-' (f ) P^'"'^/' (f) ^'"'^^' , tf 2\kandp\a- 

, if 2\k and p I a; 

(1) 
(_^y.+i-fc /^j p{fc~2)/2 ^ if 2\k andp\a- 

(-l)"-'=(p- 1) Mj p('=-2)/2 ^ «/ 2 I fc ant^p I a. 



Tp(?T,, k,a) = < 



Proof. For /c < n — 1, we have 



Tp{n, k, a) 
p—i p— 1 p— 1 






xi-\ \-Xn=a. mod p 

p— 1 p— 1 P~l / \ P~l P^l P^l 

■^^ ^-^ ^-^ I XiX2- ■ ■ Xk\ _ ■^^ ^^ ^^ ( XiX2- ■ ■ Xk 



a;i=lx2 = l x„_i = l 



—Tp{n — 1, /c, a) 



p 



a;i=la;2=l a;„_i=l 

a:iH |-x„_i=a mod p 



P 



Then by induction on n we have 

Tp{n,k,a) = {-lY-%{k,k,a) 
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for all n > k. By Lemma [2] and Lemma [3], we obtain equation (1), which completes 
the proof of Lemma HI 

D 

Lemma 5. Let p > 3 be a prime, a >2, a and n he three integers with 1 < a < p" — 1 
and {n,p) = 1. If p°'^^ \\ a^ — 1, then we write a = rp"'^ + e, where 1 < r < p — 1 
and e = ±1. Then we have 



b=l 



' / ny(a'-l) 

pa 



, if p'^-^^a^ -1; 

p^-'[{^)Gil;p)-l] , if p"-M|a'-l; 
0(p") , if p" \ a^ — 1 . 



Proof. See the proof of Lemma 4 of [3] . 
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Lemma 6. Let p > 3 be a prime. Then for any two integers n > 1 and a, we have 

((p-i)--(-i)")/p, z/ pt«; 

{{p-ir + {p-i){-ir)/p, if p\a. 

Proof. 



p— 1 p— 1 p^i 

a;i+a:2H |-a;n='' mod p 



p— 1 p— 1 P^l P^l P^l P^l P^l P^l P^l 

EE'-Ei = EE- E i-EE- E^ 

2:1=1x2=1 x„=l a;i=la;2=l a;„_i=l xi=la;2=l a;„_i=l 

xiH ha;,i=a mod p xiH ha;„_i=a mod p 

p— 1 p— 1 P^l 

= (p-ir'-EE- E 1- 

a;i=l 3:2=1 a::„_i=l 

3:iH ha;n-i=(i mod p 

Then by induction on n, we have 

p— 1 p— 1 p— 1 n— 2 p— 1 p— 1 



Xi=l 2:2 = 1 Xn = l 

a:iH ha;n=ci mod p 



A;=l 



0:1=1 2:2=1 
0:1+3:2=0 mod p 



((p-i)--(-ir)/p, if pt«; 

((p-l)" + (p-l)(-l)")/p, if p I a. 
This completes the proof of Lemma [61 
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Lemma 7. (See [1, Theorem 9.13].) For any odd prime p, we have 

Lemma 8. (See [7, Lemma 6].) Let m,n>2 and u he three integers with {m,n) = 1 
and {u, mn) = 1. Then for any character x = X1X2 with Xi i^od m and Xi f^od n, we 
have the identity 

G{u, x; mn) = Xiin)x2im)G{un, Xi, m)G{um, X2; n). 



Lemma 9. Let p > 3 be a prime, a > 2,m >2 be two integers . Then for any integer 
n with {n,p) = 1, we have the identity 

J2 \G{n, x; P") P"" = 4^™-^) ■ 02(j9") ■ p^™^^)". 

X mod p" 

Proof. By the definition of G{n, x^p"), we liave 



P 

a=l b=l ^ ^ 

^' fnb(a'^-l 



5Z'x(«)5Z'e 



a=l b=l ^ ^ 



Hence, by tliis formula we have 

Y, \G{n,x;pnr 

X mod p" 



X mod p" xi=lx2=l Xm='^ i=l \?/i = l 



P m / P / 111 i\ 






^(p°)EE-En E V r 



xiX2---Xm=l mod p° 

Then by Lemma [5] we have 






(2) 



X mod p" fc=0 



'g fnyfixf - 1] 



where 

A(,n,k)^ y: ■■■ E' E' - E'nlE V r 

xiX2---Xm=^ mod p" 

Now, in order to prove Lemma [9l we need to calculate A{m, k). 



A{m, k) 

p" p° p" 

E' - E' E' •■■ E'niE , „. 

xi = l Xk=l a::fe+i=l Xm = l i=l \?/i = l ^ 

a;iX2---x'm = l mod p" 



'g /^y^^(a;? - 1) 



'""I ' ^' / 2/2 T\ 

e 



= 2MP-) E' - E' E' •■■ E' HE, „ 

p"-l||xf-l p— l||:r2-lp-|4^^-l p"|x^_i-l 

a;iX2---a::m-i=l mod p" 

= 20(p")A(m- 1,A;). 
Hence, by induction on m, we have 

A(m, k) = 2'"-V™"*'(p")^(fc, fc). (3) 

Next, we shall calculate A{k, k). By the definition, we have 



Mhk)^ E' •■■ E' HE 



'g fnyK^l - 1) 



a;i=l x^. = l 4=1 \ j/i=l ^ 

p"-l||xf-l p"-l||x2-l 

a;iX2---a;(j=l mod p" 

Write Xi = rip°'~^ + £i{'^ ^ fi < p — l,ei = ±1) ioi i = 1,2,- ■ ■ ,k. Then by Lemma 



[5l we have 

A{k,k) 

= P 



p-l p-l p-l k , , 

ri=lr2=l '"fc=l «=1 



ei^i+e2^2H heferfe=0 mod p 

£ie2---£fc=l 

p-l p-l p-l k , , ^ 

= /'"-" EE-E n((^)G(i;P)-i 

ri=lr2=l rfc=l i=l ^ ^ ^ ' 

T\+T2^ hf(j=0 mod p 

£ie2---efe=l 

p-l p-l p-l ^ / /o \ \ 

= 2'-V'"-" EE-E n((^)G(i;rt-i) 

ri=lr2=l rfe=l i=l ^ ^ ■'^ / ' 

T\+r2-\ h»'fc=0 mod p 

p— 1 p— 1 p-l / 

ri=lr2=l ^fe=l \ 

''i+^2H h^fc=0 mod p 

+ E(-i)'-<-)(7)'G.'„rt(ri!i-2i 

By Lemma H] and Lemma El the above equahty becomes 
A{k,k) 
= 2'=-V(°-i)(-l)'= (- {{p - 1)'= + {p- 1)(-1)'=) 

By Lemma [71 we have 
A{k,k) 

= 2'^-y ("-i)-i ((-i)'(p - 1)' + (p - 1) ((p + 1)' + (1 - p)') /2) 
= 2'=-y("-i)-i ({p + i)(i - p)'' + {p-i){p + 1)'^) . 

Hence, by (3) we have 

A{m, k) = 2'™-2p'"("-i)-i f{-l)\p +l){p- 1)™ + {p- ir-''+\p + 1)'=) . 
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Finally, by (2) we have 

X mod p°' 



1 2m 



'^^^") 5^ ( I ) 2™-2p-(°-i)-i (^{-i)\p +i){p- ir + ip- ir-'^\p + 1)') 

fc=0 ^ ^ 

fc=0 ^ ^ 



A:=0 

= + 0(p°)2'^- V^""^^"^ (P - 1) (2^)"" 

This completes the proof of Lemma [H D 

Proof of Theorem 1. Since g is an odd square- full number, let q = p" ^2^ ' ' 'P^iT)^ ^ 
we have ai > 2,i = 1,- ■ ■u:{q). For any integer n with (n, g) = 1, by Lemma [Eland 
Lemma [H we obtain 

X mod g 
U){q) 

= n E iG'(^g/pr,x;pr)i'™ 

S^ii X modpf' 
Pi h 

u){q) 
z=l 

CK,- II 

= ^(m-l)i^(g) . ^m-1 . 02/^N 

This completes the proof of theorem [TJ D 
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